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1. Introduction
Let E be a real Banach space and let Jq, (q > 1) denote the generalized duality mapping from E into 2E
∗
given by
Jq(x) = {f ∈ E∗ : 〈x, f 〉 = ‖x‖q and ‖f ‖ = ‖x‖q−1},
where E∗ denotes the dual space of E and 〈., .〉 denotes the generalized duality pairing. In particular, J2 is called the
normalized duality mapping and it is usually denoted by J . It is well known (see for example [1]) that Jq(x) = ‖x‖q−2J(x) if
x 6= 0, and that if E∗ is strictly convex then Jq is single valued. In the sequel we shall denote single-valued generalized duality
mapping by jq. Let K be a nonempty subset of E. A mapping T : K → K is called asymptotically λ-strictly pseudocontractive
with sequence {an}∞n=1 ⊆ [1,∞), limn→∞ an = 1 (see e.g. [2–6]) if for all x, y ∈ K there exist j(x − y) ∈ J(x − y) and a
constant λ ∈ [0, 1) such that
〈T nx− T ny, j(x− y)〉 ≤ an‖x− y‖2 − λ‖x− T nx− (y− T ny)‖2, ∀n ≥ 1. (1.1)
If I denotes the identity operator, then (1.1) can be written in the form
〈(I − T n)x− (I − T n)y, j(x− y)〉 ≥ λ‖(I − T n)x− (I − T n)y‖2 − (an − 1)‖x− y‖2. (1.2)
The class of asymptotically strictly pseudocontractive maps was first introduced in Hilbert spaces by Qihou [6]. In Hilbert
spaces, j is the identity and it is shown by Osilike et al. [5] that (1.1) (and hence (1.2)) is equivalent to the inequality
‖T nx− T ny‖2 ≤ kn‖x− y‖2 + k‖(I − T n)x− (I − T n)y‖2, (1.3)
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which is the inequality considered by Qihou [6], where {kn}∞n=1 = {1 + 2(an − 1)}∞n=1 ⊆ [1,∞), limn→∞ kn = 1, and
λ = (1− 2λ) ∈ [0, 1).
A mapping T with domain D(T ) and range R(T ) in E is called strictly pseudocontractive in the terminology of Browder and
Petryshyn [7] if there exists λ > 0 such that
〈Tx− Ty, j(x− y)〉 ≤ ‖x− y‖2 − λ‖x− y− (Tx− Ty)‖2, (1.4)
for all x, y ∈ D(T ) and for all j(x − y) ∈ J(x − y). Without loss of generality we may assume λ ∈ (0, 1). If I denotes the
identity operator, (1.4) can be written in the form
〈(I − T )x− (I − T )y, j(x− y)〉 ≥ λ‖(I − T )x− (I − T )y‖2. (1.5)
In Hilbert spaces, H , (1.4) (and hence (1.5)) is equivalent to the inequality
‖Tx− Ty‖2 ≤ ‖x− y‖2 + k‖(I − T )x− (I − T )y‖2, k = (1− 2λ) < 1, (1.6)
and we can assume also that k ≥ 0, so that k ∈ [0, 1). It is shown in [3] that the class of k-strictly pseudocontractive maps
and the class of asymptotically strictly pseudocontractive maps are independent.
T is said to be uniformly L-Lipschitzian if there exists L > 0 such that
‖T nx− T ny‖ ≤ L‖x− y‖
for all x, y ∈ K and n ≥ 1 and is said to be demiclosed at a point p if whenever {xn} is a sequence in D(T ) such that {xn}
converges weakly to x ∈ D(T ) and {Txn} converges strongly to p, then Tx = p. It is shown in [3] that asymptotically strictly
pseudocontractive maps are uniformly L-Lipschitizian. In [3], Osilike et al. also proved the following :
Theorem 1.1. Let E be a real 2-uniformly smooth Banach space which is also uniformly convex. Let K be a nonempty closed
convex subset of E and let T : K → K be a k-strictly asymptotically pseudocontractive map with sequence {kn} ⊆ [1,∞) such
that
∑∞
n=1(kn − 1) <∞ and that F(T ) := {x ∈ K : Tx = x} 6= ∅; let {αn} be a real sequence satisfying:
(i) 0 ≤ αn ≤ 1, n ≥ 1,
(ii) 0 < a ≤ αn ≤ b < 2(1−k)2C2 , n ≥ 1.
Let {xn} be the sequence generated from an arbitrary x1 ∈ K by
xn+1 = (1− αn)xn + αnT nxn, n ≥ 1. (1.7)
Then {xn} converges weakly to a fixed point of T .
Let C be a nonempty closed convex subset of E and let {Tj}N−1j=0 be N asymptotically strictly pseudocontractive selfmaps
of C . We consider the following explicit averaging cyclic algorithm:
Explicit averaging cyclic algorithm: For a given x0 ∈ C , and a real sequence {αn}∞n=0 ⊆ (0, 1), the sequence {xn}∞n=0 is
generated as follows:
x1 = α0x0 + (1− α0)T0x0
x2 = α1x1 + (1− α1)T1x1
...
xN = αN−1xN−1 + (1− αN−1)TN−1xN−1
xN+1 = αNxN + (1− αN)T 20 xN
xN+2 = αN+1xN+1 + (1− αN+1)T 21 xN+1
...
x2N = α2N−1x2N−1 + (1− α2N−1)T 2N−1x2N
x2N+1 = α2Nx2N + (1− α2N)T 30 x2N
x2N+2 = α2N+1x2N+1 + (1− α2N+1)T 31 x2N+1
....
The algorithm can be expressed in a compact form as
xn+1 = αnxn + (1− αn)T k(n)i(n) xn, n ≥ 0, (1.8)
where n = (k−1)N+ i, i = i(n) ∈ I = {0, 1, 2, . . . ,N−1}, k = k(n) ≥ 1 positive integer and limn→∞ k(n) = ∞. The cyclic
algorithm was first studied by Acedo and Xu [8] for the iterative approximation of common fixed points of finite family of
strictly pseudocontractive maps in Hilbert spaces, and it is better than implicit iteration methods.
Let E be a 2-uniformly smooth Banach space which is also uniformly convex (for example Lp (or `p), 2 ≤ p < ∞), and
let C be a nonempty closed convex subset of E. Let {Tj}N−1j=0 be N asymptotically strictly pseudocontractive selfmaps of C .
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If F(Tj) := {x ∈ C : Tjx = x}, and F := ∩N−1j=0 F(Tj) 6= ∅, it is our purpose in this paper to prove weak and strong
convergence theorems for the iterative approximation of common fixed points of the family {Tj}N−1j=0 using the explicit
averaging cyclic algorithm. Furthermore, if E is an arbitrary real Banach space, it is shown that lim infn→∞ ‖xn − Tjxn‖ = 0
for all j ∈ J := {0, 1, 2, . . . ,N − 1}; and a necessary and sufficient condition that guarantee the strong convergence of {xn}
to a common fixed point of the family {Tj}N−1j=0 is given.
2. Preliminaries
In the sequel, we shall need the following :
Let E be a real Banach space. Themodulus of smoothness of E is the function ρE : [0,∞)→ [0,∞) defined by
ρE(τ ) = sup
{
1
2
(‖x+ y‖ + ‖x− y‖)− 1 : ‖x‖ ≤ 1, ‖y‖ ≤ τ
}
.
E is uniformly smooth if and only if
lim
τ→0
ρE(τ )
τ
= 0.
Let q > 1, E is said to be q-uniformly smooth (or to have amodulus of smoothness of power type q > 1) if there exists c > 0 such
that ρE(τ ) ≤ cτ q. Hilbert spaces, Lp (or lp) spaces, 1 < p < ∞, and the Sobolev spaces,W pm, 1 < p < ∞, are q-uniformly
smooth. Hilbert spaces are 2-uniformly smooth while Lp (or `p) orW
p
m is{
p-uniformly smooth if 1 < p ≤ 2
2-uniformly smooth if p ≥ 2.
It is shown in [1] that there is no Banach space which is q-uniformly smooth for q > 2.
Theorem 2.1 ([9, p. 1130]). Let q > 1 and let E be a real Banach space. Then the following are equivalent:
(i) E is q-uniformly smooth,
(ii) There exists a constant cq > 0 such that ∀x, y ∈ E
‖x+ y‖q ≤ ‖x‖q + q〈y, jq(x)〉 + cq‖y‖q. (2.1)
E is said to have a Fréchet differentiable norm if for all x ∈ U = {x ∈ E : ‖x‖ = 1}, limt→0 ‖x+ty‖−‖x‖t , exists and is attainable
uniformly in y ∈ U. In this case there exists an increasing function b : [0,∞)→ [0,∞) with limt→0+ b(t)t = 0 such that
1
2
‖x‖2 + 〈h, j(x)〉 ≤ 1
2
‖x+ h‖2 ≤ 1
2
‖x‖2 + 〈h, j(x)〉 + b(‖h‖), ∀x, h ∈ E. (2.2)
Lemma 2.1 ([3]). Let E be a real 2-uniformly smooth Banach space which is also uniformly convex. Let K be a nonempty closed
convex subset of E and T : K → K an asymptotically k-strictly pseudocontractive mapping with a nonempty fixed point set. Then
(I − T ) is demiclosed at zero.
Lemma 2.2 ([5, p. 80]). Let {an}, {bn} and {δn} be sequences of nonnegative real numbers satisfying the inequality
an+1 ≤ (1+ δn)an + bn, n ≥ 1.
If
∑∞
n=1 δn <∞ and
∑∞
n=1 bn <∞, then limn→∞ an exists. If in addition {an}∞n=1 has a subsequence which converges strongly
to zero, then limn→∞ an = 0.
Lemma 2.3 ([10, Lemma 2.2, p. 735]). Let E be a real uniformly convex Banach space and C a nonempty closed convex and
bounded subset of E. Let {Tn}∞n=1 be a sequence of Lipschitzian self-mappings of C such that the set F of common fixed points of{Tn}∞n=1 is nonempty. Let Ln denote the Lipschitz constant of Tn and let
∑∞
n=1(Ln−1) <∞. Then limn→∞ ‖txn+ (1− t)p1−p2‖
exists for all p1, p2 ∈ F and for all t ∈ [0, 1].
Lemma 2.4 ([10, Lemma 2.3, p. 736]). Let E be a real uniformly convex Banach space with a Fréchet differentiable norm and let
C be a nonempty closed convex and bounded subset of E. Let {Tn}∞n=1 be a sequence of Lipschitzian self-mappings of C such that
the set F of common fixed points of {Tn}∞n=1 is nonempty. Let Ln denote the Lipschitz constant of Tn and let
∑∞
n=1(Ln − 1) <∞.
Then for all p1, p2 ∈ F , limn→∞〈xn, J(p1 − p2)〉 exists, and in particular, 〈p − q, j(p1 − p2)〉 = 0 for all p, q ∈ ωw(xn). Here,
ωw(xn) denotes the weak ω-limit set of {xn}, i.e., ωw(xn) = {y ∈ E : y = w− limk→∞ xnk for some nk ↑ ∞}.
3. Main results
We prove the following results:
Lemma 3.1. Let E be a real 2-uniformly smooth Banach space which is also uniformly convex. Let C be a nonempty closed convex
subset of E. For each j ∈ J = {0, 1, 2, . . . ,N−1}, let Tj : C → C be asymptotically λj-strictly pseudocontractionwith a sequence
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{a(j)n }∞n=1 ⊆ [1,∞), ∀j J = {0, 1, 2, . . .N − 1} such that
∑∞
n=1(a
(j)
n − 1) < ∞,∀j ∈ J, and let F := ∩N−1j=0 F(Tj) 6= ∅. Let
{αn}∞n=0 be a real sequence satisfying the conditions:
(i) 0 < αn ≤ 1, ∀n ≥ 1
(ii) 0 < a ≤ 1− αn ≤ b < 2λc , ∀n ≥ 1,
where λ = min{λj : j ∈ J} and c = c2 is the constant appearing in inequality (2.1)with q = 2. Let {xn} be the sequence generated
by the cyclic algorithm (1.8). Then for all p1, p2 ∈ F the limit limn→∞ ‖txn + (1− t)p1 − p2‖ exists for all t ∈ [0, 1].
Proof. Let p ∈ F . We first show that the real sequence {‖xn − p‖} converges. Using inequality (2.1) with q = 2 we obtain
‖xn+1 − p‖2 = ‖(xn − p)− (1− αn)(xn − T k(n)i(n) xn)‖2
≤ ‖xn − p‖2 − 2(1− αn)〈xn − T k(n)i(n) xn, j(xn − p)〉 + (1− αn)2c‖xn − T k(n)i(n) xn‖2
≤ ‖xn − p‖2 − 2λ(1− αn)‖xn − T k(n)i(n) xn‖2 (using (1.2))
+ 2(1− αn)(a(i(n))k(n) − 1)‖xn − p‖2 + (1− αn)2c‖xn − T k(n)i(n) xn‖2. (3.1)
Thus,
‖xn+1 − p‖2 ≤
[
1+ 2(1− αn)(a(i(n))k(n) − 1)
]
‖xn − p‖2 − (1− αn)
[
2λ− (1− αn)c
]
‖xn − T k(n)i(n) xn‖2.
Condition (ii) implies that
(1− αn)[2λ− (1− αn)] ≥ a[2λ− bc] > 0.
Hence, we have
‖xn+1 − p‖2 ≤ [1+ 2(1− αn)(a(i(n))k(n) − 1)]‖xn − p‖2 − a[2λ− bc]‖xn − T k(n)i(n) xn‖2
≤ [1+ 2(1− αn)(an − 1)]‖xn − p‖2 − a[2λ− bc]‖xn − T k(n)i(n) xn‖2
≤ [1+ δn]‖xn − p‖2 − a[2λ− bc]‖xn − T k(n)i(n) xn‖2, (3.2)
where an = max{a(j)n : j ∈ J} and δn = 2(1 − αn)(an − 1). Observe that {an} ⊆ [1,∞); limn→∞ an = 1; and∑∞
n=1(an − 1) < ∞ because
∑∞
n=1(a
(j)
n − 1) < ∞, ∀j ∈ J . Thus∑∞n=1 δn < ∞, and it follows from Lemma 2.2 that
limn→∞ ‖xn − p‖ exists. Since {xn} is bounded, then there exists r > 0 such that {xn} ⊆ K ≡ Br(0) ∩ C so that K is closed,
convex bounded nonempty subset of C . 
Define An : K → K by
Anx = αnx+ (1− αn)T k(n)i(n) x.
We note that Anxn = xn+1, and observe that F ⊆ F(An). We now show that
‖Anx− Any‖ ≤ [1+ δn] 12 ‖x− y‖ = Ln‖x− y‖, ∀x, y ∈ K ,
where Ln = (1+ δn) 12 . Observe that
‖Anx− Any‖2 = ‖αnx+ (1− αn)T k(n)i(n) x− αny− (1− αn)T k(n)i(n) y‖2
= ‖x− y− (1− αn)[x− T k(n)i(n) x− (y− T k(n)i(n) y)]‖2
≤ ‖x− y‖2 − 2(1− αn)〈x− T k(n)i(n) x− (y− T k(n)i(n) y), j(x− y)〉
+ (1− αn)2c‖x− T k(n)i(n) x− (y− T k(n)i(n) y)‖2
≤ ‖x− y‖2 − 2λ(1− αn)‖x− T k(n)i(n) x− (y− T k(n)i(n) y)‖2
+ 2(1− αn)(a(i(n))k(n) − 1)‖x− y‖2 + c(1− αn)2‖x− T k(n)i(n) x− (y− T k(n)i(n) y)‖2
= [2(1− αn)(a(i(n))k(n) − 1)]‖x− y‖2
− (1− αn)[2λ− c(1− αn)]‖x− T k(n)i(n) x− (y− T k(n)i(n) y)‖2
≤ [1+ 2(1− αn)(a(i(n))k(n) − 1)]‖x− y‖2
≤ [1+ 2(1− αn)(an − 1)]‖x− y‖2 = [1+ δn]‖x− y‖2.
Thus
‖Anx− Any‖ ≤ (1+ δn) 12 ‖x− y‖ = Ln‖x− y‖, ∀x, y ∈ K .
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Observe that Ln − 1 = (1 + δn) 12 − 1 ≤ δn for all n ≥ 1, and since∑∞n=1 δn < ∞, then∑∞n=1(Ln − 1) < ∞. It now
follows from Lemma 2.3 that limn→∞ ‖txn + (1− t)p1 − p2‖ exists for all p1, p2 ∈ F and for all t ∈ [0, 1].
This completes the proof of Lemma 3.1. 
Lemma 3.2. Let E be a real 2-uniformly smooth Banach space which is also uniformly convex. Let C be a nonempty closed
convex subset of E and for i ∈ I , let Ti : C → C be asymptotically λi-strictly pseudocontraction for some 0 ≤ λi < 1 with
{a(i)n }∞n=1 ⊂ [1,∞) ∀i ∈ I , and
∑∞
n=1(a
(i)
n − 1) < ∞ ∀i ∈ I . Let F := ∩N−1i=0 F(Ti) 6= ∅. Let λ = min{λi : i ∈ I} and
an = max{a(i)n : i ∈ I}. Let {αn} be as in Lemma 3.1 and {xn} be the sequence generated by the cyclic algorithm (1.8). Then
∀p1, p2 ∈ F , limn→∞〈xn, j(p1 − p2)〉 exists. Furthermore, if ww(xn) denotes the set of weak subsequential limits of {xn}, then
〈p− q, j(p1 − p2)〉 = 0, ∀p1, p2 ∈ F and ∀p, q ∈ ww(xn).
Proof. Since E is both uniformly convex and uniformly smooth, it has a Fréchet differentiable norm. Furthermore, it
follows from the proof of Lemma 3.1 that {xn}∞n=1 is bounded. Let K and An be as in the proof of Lemma 3.1. Then since‖Anx− Any‖ ≤ Ln‖x− y‖, ∀x, y ∈ K , and since∑∞n=1(Ln − 1) <∞, it follows from Lemma 2.4 that limt→0〈xn, j(p1 − p2)〉
exists, and we have 〈p− q, j(p1 − p2)〉 = 0, ∀p1, p2 ∈ F , and p, q ∈ ww(xn). 
Theorem 3.1. Let E be a real 2-uniformly smooth Banach space which is also uniformly convex. Let C be a nonempty closed,
convex subset of E. Let for each j ∈ J , Tj : C → C be asymptotically λj-strictly pseudocontraction for some 0 ≤ λj < 1 with a
sequence {a(j)n } ⊆ [1,∞), ∀j ∈ J such that∑∞n=1(a(j)n −1) <∞, ∀j ∈ J and F = ∩N−1j=0 F(Tj) 6= ∅. Let {αn} be as in Lemma 3.1
and {xn}∞n=0 be the sequence generated by cyclic algorithm (1.8). Then {xn} converges weakly to a common fixed point of the family
{Tj}N−1j=0 .
Proof. Let p ∈ F . From Lemma 3.1, the real sequence {‖xn − p‖} converges, and hence ‖xn − p‖ ≤ M , ∀n ≥ 0 and for some
M > 0. Thus we obtain from (3.2) that
0 ≤ a[2λ− cb]‖xn − T k(n)i(n) xn‖2 ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 +M2δn, n ≥ 0. (3.8)
Hence
lim
n→∞ ‖xn − T
k(n)
i(n) xn‖2 = 0.
Observe that
‖xn − xn+1‖ = (1− αn)‖xn − T k(n)i(n) xn‖ → 0 as n→∞.
Consequently
‖xn − xn+j‖ → 0 as n→∞ ∀j ∈ J.
Observe also that
‖xn+1 − T k(n)i(n) xn‖ ≤ ‖xn+1 − xn‖ + ‖xn − T k(n)i(n) xn‖ → 0 as n→∞,
and
‖xn−1 − T k(n)i(n) xn‖ ≤ ‖xn−1 − xn‖ + ‖xn − T k(n)i(n) xn‖ → 0 as n→∞.
For all n > N , we have n = (n−N)(mod N) and since n = (k(n)−1)N+ i(n), we obtain n−N = (k(n)−1)N+ i(n)−N =
(k(n−N)−1)N+ i(n−N), so that n−N = [(k(n)−1)−1]N+ i(n) = (k(n−N)−1)N+ i(n−N). Hence k(n)−1 = k(n−N),
and i(n) = i(n− N). Furthermore, since Tj is uniformly Lj-Lipschitzian for each j ∈ J , then
‖T nj x− T nj y‖ ≤ L‖x− y‖, ∀n ≥ 0, ∀x, y ∈ K , and ∀j ∈ J
where L := max{Lj : j ∈ J}. Thus
‖xn+1 − Ti(n)xn‖ ≤ ‖xn+1 − T k(n)i(n) xn‖ + ‖T k(n)i(n) xn − Ti(n)xn‖
≤ ‖xn+1 − T k(n)i(n) xn‖ + L‖T k(n)−1i(n) xn − xn‖
≤ ‖xn+1 − T k(n)i(n) xn‖ + L
[
‖T k(n)−1i(n) xn − T k(n)−1i(n−N) xn−N‖ + ‖T k(n)−1i(n−N) xn−N − xn−N−1‖ + ‖xn−N−1 − xn‖
]
≤ ‖xn+1 − T k(n)i(n) xn‖ + L
[
L‖xn − xn−N‖
+‖T k(n)−1i(n−N) xn−N − xn−N−1‖ + ‖xn−N−1 − xn‖
]
→ 0 as n→∞.
Hence
‖xn − Ti(n)xn‖ ≤ ‖xn − xn+1‖ + ‖xn+1 − Ti(n)xn‖ → 0 as n→∞.
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Consequently, for all j ∈ J we have
‖xn − Tn+jxn‖ ≤ ‖xn − xn+j‖ + ‖xn+j − Tn+jxn+j‖ + L‖xn+j − xn‖ → 0 as n→∞.
Thus
‖xn − Tjxn‖ → 0 as n→∞, ∀j ∈ J.
From Lemma 2.1 (I − Tj) is demiclosed at 0 for all j ∈ J . Since {xn} is bounded, it has a weakly convergent subsequence {xnj}.
Suppose {xnj} converges weakly to p. Then p ∈ C because C is weakly closed. Since limn→∞ ‖xn − Tjxn‖ = 0 ∀j ∈ J , then by
the demiclosedness principle of each Tj at 0, we must have p− Tjp = 0 ∀j ∈ J so that p ∈ F . If {xmk} is another subsequence
of {xn}which converges weakly to some q. Then as for p, we must have q ∈ C and q ∈ F and it follows from Lemma 3.2 that
p = q. Thus {xn} converges weakly to a common fixed point of the family {Tj}N−1j=0 . 
For the rest of the results, λ = min{λj : j ∈ J}, Lj denotes the Lipschitz constant of Tj, L = max{Lj : j ∈ J} and
an = max{a(j)n : j ∈ J}.
Theorem 3.2. Let E be a real 2-uniformly smooth Banach space, and let C be a nonempty closed convex subset of E. For each
j ∈ J , let Tj : C → C, be N asymptotically λj-strictly pseudocontraction with {a(j)n }∞n=1 ⊆ [1,∞), ∀j ∈ J;
∑∞
n=1(a
(j)
n − 1) <∞,
∀j ∈ J and F = ∩N−1j=0 F(Tj) 6= ∅. Let {αn} be as in Lemma 3.1 and {xn} be the sequence generated by the cyclic algorithm (1.8).
Then {xn} converges strongly to a common fixed point of {Tj}N−1j=0 if and only if lim infn→∞ d(xn, F) = 0, where
d(xn, F) = inf
p∈F ‖xn − p‖.
Proof. It follows from (3.2) that
‖xn+1 − p‖ ≤ [1+ δn]‖xn − p‖. (3.9)
Thus
d(xn+1, p) ≤ [1+ δn]d(xn, p),
and it follows from Lemma 2.2 that limn→∞ d(xn, F) exists. Now if {xn} converges strongly to a common fixed point p of the
family {Tj}N−1j=0 , then limn→∞ ‖xn − p‖ = 0. Since
0 ≤ d(xn, F) ≤ ‖xn − p‖
we have lim infn→∞ d(xn, F) = 0.
Conversely, suppose lim infn→∞ d(xn, F) = 0, then the existence of limn→∞ d(xn, F) implies that limn→∞ d(xn, F) = 0.
Thus for arbitrary  > 0 there exists a positive integer N0 such that d(xn, F) < 4 , ∀n ≥ N0.
From (3.9) we have
‖xn+1 − p‖ ≤ ‖xn − p‖ +Mδn = ‖xn − p‖ + σn, ∀n ≥ 0,
and for someM > 0, where σn = Mδn. Since∑∞n=1 σn <∞, then there exists a positive integer N1 such that∑∞j=n σj < 4M ,∀n ≥ N1. Choose N = max{N0,N1}.
Then d(xN , F) < 4 and
∑∞
j=N σj <

4M . For all n,m ≥ N and for all p ∈ F we have
‖xn − xm‖ ≤ ‖xn − p‖ + ‖xm − p‖
≤ ‖xN − p‖ +M
n∑
j=N+1
σj + ‖xN − p‖ +M
m∑
j=N+1
σj
≤ 2‖xN − p‖ + 2M
∞∑
j=N
σj.
Taking infimum over all p ∈ F , we obtain
‖xn − xm‖ ≤ 2d(xN , F)+ 2M
∞∑
j=N
σj <
2
4
+ 2M
4M
= .
Thus, {xn}∞n=1 is Cauchy. Suppose limn→∞ xn = u. Then for all j ∈ J we have
0 ≤ ‖u− Tju‖ ≤ ‖u− xn‖ + ‖xn − Tjxn‖ + L‖xn − u‖ → 0 as n→∞.
Thus u ∈ F(Tj)∀j ∈ J , and hence u ∈ F . 
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Theorem 3.3. Let E be a real Banach space, and let C be a nonempty closed convex subset of E. For each j ∈ J , let Tj : C → C,
be N asymptotically λj-strictly pseudocontraction with {a(j)n }∞n=1 ⊆ [1,∞), ∀j ∈ J ,
∑∞
n=1(a
(j)
n − 1) < ∞, ∀j ∈ J and
F = ∩N−1j=0 F(Tj) 6= ∅. Let {αn} be real sequence satisfying:
(i) 0 < αn ≤ 1, ∀n ≥ 0
(ii)
∑∞
n=1(1− αn) = ∞
(iii)
∑∞
n=1(1− αn)2 <∞.
Let {xn} be the sequence generated by the cyclic algorithm (1.8). Then lim infn→∞ ‖xn − Tjxn‖ = 0, ∀j ∈ J and {xn} converges
strongly to a common fixed point of {Tj}N−1j=0 if and only if lim infn→∞ d(xn, F) = 0.
Proof. It is well known (see for example [5]) that
‖x+ y‖2 ≤ ‖x‖2 + 2〈y, j(x+ y)〉 (3.10)
for all x, y ∈ E and for all j(x − y) ∈ J(x − y). Let p ∈ F , using (3.10) and the definition of asymptotically strictly
pseudocontractive mapping we obtain
‖xn+1 − p‖2 = ‖(xn − p)− (1− αn)(xn − T k(n)i(n) xn)‖2
≤ ‖xn − p‖2 − 2(1− αn)〈xn − T k(n)i(n) xn, j(xn+1 − p)〉
= ‖xn − p‖2 − 2(1− αn)〈xn − xn+1, j(xn+1 − p)〉 − 2(1− αn)〈xn+1 − T k(n)i(n) xn+1, j(xn+1 − p)〉
− 2(1− αn)〈T k(n)i(n) xn+1 − T k(n)i(n) xn, j(xn+1 − p)〉
≤ ‖xn − p‖2 + 2(1− αn)‖xn − xn+1‖‖xn+1 − p‖ − 2(1− αn)
[
λ‖xn+1 − T k(n)i(n) xn+1‖2
− (ai(n)k(n) − 1)‖xn+1 − p‖2
]
+ 2(1− αn)‖T k(n)i(n) xn+1 − T k(n)i(n) xn‖‖xn+1 − p‖
≤ ‖xn − p‖2 + 2(1− αn)2‖xn − T k(n)i(n) xn‖‖xn+1 − p‖ − 2(1− αn)λ‖xn+1 − T k(n)i(n) xn+1‖2
+ 2(1− αn)(an − 1)‖xn+1 − p‖2 + 2(1− αn)2L‖xn − T k(n)i(n) xn‖‖xn+1 − p‖. (3.11)
Observe that
‖xn+1 − p‖ = ‖αn(xn − p)+ (1− αn)(T k(n)i(n) xn − p)‖ ≤ (1+ L)‖xn − p‖, (3.12)
and
‖xn − T k(n)i(n) xn‖ ≤ (1+ L)‖xn − p‖. (3.13)
Using (3.13) and (3.12) into (3.11), we obtain
‖xn+1 − p‖2 ≤ ‖xn − p‖2 + 2(1− αn)2(1+ L)2‖xn − p‖2 − 2(1− αn)λ‖xn+1 − T k(n)i(n) xn+1‖2
+ 2(1− αn)(an − 1)(1+ L)2‖xn − p‖2 + 2(1− αn)2L(1+ L)2‖xn − p‖2
=
[
1+ 2(1− αn)(an − 1)(1+ L)2 + 2(1− αn)2(1+ L)3
]
‖xn − p‖2
− 2(1− αn)λ‖xn+1 − T k(n)i(n) xn+1‖2
= [1+ σn]‖xn − p‖2 − 2(1− αn)λ‖xn+1 − T k(n)i(n) xn+1‖2, (3.14)
where
σn = [1+ 2(1− αn)(an − 1)(1+ L)2 + 2(1− αn)2(1+ L)3].
Since
∑∞
n=1(an − 1) < ∞ and
∑∞
n=1(1 − αn)2 < ∞, we have
∑∞
n=1 σn < ∞. It follows from Lemma 2.2 and (3.14) that
lim ‖xn − p‖ exists. Furthermore, (3.14) and the condition on {αn} implies that
lim inf
n→∞ ‖xn+1 − T
k(n)
i(n) xn+1‖ = 0.
Observe that
‖xn+1 − T k(n)i(n) xn+1‖ = ‖αn(xn − T k(n)i(n) xn+1)+ (1− αn)(T k(n)i(n) xn − T k(n)i(n) xn+1)‖
≥ αn‖xn − T k(n)i(n) xn+1‖ − (1− αn)‖T k(n)i(n) xn − T k(n)i(n) xn+1‖
≥ αn‖xn − T k(n)i(n) xn+1‖ − (1− αn)2L‖xn − T k(n)i(n) xn‖.
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Hence
‖xn − T k(n)i(n) xn+1‖ ≤
1
αn
[
‖xn+1 − T k(n)i(n) xn+1‖ + (1− αn)2L‖xn − T k(n)i(n) xn‖
]
≤ 1
αn
[
‖xn+1 − T k(n)i(n) xn+1‖ + (1− αn)2L(1+ L)M
]
∀n ≥ 0 and for someM > 0.
Thus
lim inf
n→∞ ‖xn − T
k(n)
i(n) xn+1‖ = 0.
Furthermore,
‖xn − T k(n)i(n) xn‖ ≤ ‖xn − T k(n)i(n) xn+1‖ + L(1− αn)‖xn − T k(n)i(n) xn‖ ≤ ‖xn − T k(n)i(n) xn+1‖ + L(1− αn)(1+ L)M, ∀n ≥ 0.
Hence
lim inf
n→∞ ‖xn − T
k(n)
i(n) xn‖ = 0.
Since limn→∞ ‖xn+1 − xn‖ = 0, and lim infn→∞ ‖xn−1 − T k(n)i(n) xn‖ = 0, it follows as in the proof of Theorem 3.1 that
lim inf
n→∞ ‖xn − Tjxn‖ = 0, ∀j ∈ J.
From (3.14) we obtain
‖xn+1 − p‖ ≤ [1+ σn] 12 ‖xn − p‖ ≤ [1+ σn]‖xn − p‖, ∀n ≥ 0,
and
d(xn+1, F) ≤ [1+ σn] 12 d(xn, F) ≤ [1+ σn]‖xn − p‖. (3.15)
It follows from Lemma 2.2 and (3.15) that limn→∞ d(xn, F) exists. From (3.14) we have
‖xn − p‖2 ≤ M, ∀n ≥ 0 and for someM > 0.
Now if {xn} converges strongly to a common fixed point p of the family {Tj}N−1j=0 , then limn→∞ ‖xn − p‖ = 0. Since
0 ≤ d(xn, F) ≤ ‖xn − p‖,
we have
lim inf
n→∞ d(xn, F) = 0.
Conversely, suppose lim infn→∞ d(xn, F) = 0, then limn→∞ d(xn, F) exists implying that limn→∞ d(xn, F) = 0. It now follows
as in the proof of Theorem 3.2 that {xn} is Cauchy. Let limn→∞ xn = u. Since lim infn→∞ ‖xn − Tjxn‖ = 0, ∀j ∈ J , then there
exists a subsequence {xnk}∞k=0 of {xn} such that limk→∞ ‖xnk − Tjxnk‖ = 0, ∀j ∈ J . Thus for all j ∈ J we have
0 ≤ ‖u− Tju‖ ≤ ‖u− xnk‖ + ‖xnk − Tjxnk‖ + L‖xnk − u‖ → 0 as k→∞.
Thus u ∈ F(Tj) ∀j ∈ J , and hence u ∈ F . 
Remark. A prototype for {αn} in Theorem 3.3 is
αn = 1− 1n+ 1 , n ≥ 1,
while a prototype for {αn} in Lemma 3.1 and the rest of the results is
αn = 1− λn
(n+ 1)c .
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